Abstract. We consider the arithmetics of Collatz cycles in Q 2 . In particular, we prove optimal estimates for the length of a cycle in terms of its minimum. As an application, we derive an improved version of Eliahou's criterion, and we show that the length of integer Collatz cycles which do not contain 1, is at least 102 225 496 provided the Collatz conjecture is veri ed for all initial values x 0 212 366 032 807 211.
Introduction
For x 2 R let g 0 x = x 2 and g 1 x = 3x+1 2 . Let Q 2 denote the local ring of fractions of Z at the prime ideal 2, i.e. the domain of all rational numbers having written in least terms an odd denominator. A number p q 2 Q 2 with q odd is considered even or odd according to the parity of the numerator p. Then the Collatz sequence generated by x 0 2 Q 2 is de ned by x n = g 0 x n,1 if x n,1 is even g 1 x n,1 if x n,1 is odd 1 for n 2 N. The structure of the set of Collatz cycles i.e. periodic Collatz sequences in Q 2 has been studied by Lagarias in 6 . Of course, if x 0 2 N, then the generated sequence is the usual integer Collatz sequence, and hence, statements about rational Collatz sequences have implications for integer Collatz sequences. We recall that the Collatz conjecture which states that 1 E The length of a Collatz cycle in N which does not contain 1 is at least 17 087 915 see 3 . The aim of this article is to present some new techniques which allow a re ned analysis of rational and hence integer Collatz cycles. In particular, we prove optimal estimates for the length of a positive cycle in terms of its minimum. As an application, we derive an improved version of Eliahou's criterion, and we show that the length of Collatz cycles in N which do not contain 1, is at least 102 225 496 provided the Collatz conjecture is veri ed for all initial values x 0 212 366 032 807 211 this number is about 3.3 times larger than the actually veri ed bound mentioned in D, but Eliahou's original criterion would require to check all initial values up to 2.9 10 14 which is about 4.6 times larger.
Auxiliary results
Let us start with some notations: Let S l;n denote the set of all 0-1 sequences of length l containing exactly n times a 1, S l = l n=0 S l;n and S = l2N S l . 
Then there holds for all n 2 N
The stronger assertion
is easily proved by induction. Lemma 4. Let s = s 1 ; : : : ; s l and t = t 1 ; : : : ; t l be two distinct elements of S l;n . If for all k 2 f 1; : : : ; l g there holds
Proof Because both sequences s and t contain exactly n times a 1 and because they are distinct, there exists a smallest number k 0 with s k0 = 0 and t k0 = 1 and a smallest number k 1 k 0 with s k1 = 1 and t k1 = 0. Now let s 0 be such that s 0 i = s i for i 6 2 fk 0 ; k 1 g, s 0 k0 = 1 and s 0 k1 = 0 . Then In the next lemma we determin the sequences for which ' attains the value M l;n .
Lemma 5. Let n l be natural numbers. Lets i := di n l e,di,1 n l e for 1 i l, then 's = min t2 s f'tg = M l;n .
To indicate that the constructeds depends on l and n, w e will often writesl;n for it.
Proof
Let t 2 S l;n . We can represent 
2
The estimate 6 above is quite rough and in order to improve the result, we will consider appropriate pieces of the sequencesl;n. Here, denotes an arbitrary 0-1 sequence. From 2" Z k + 3 " A k 3" Z k + 5 " A k n l 9 we obtain " Z k " A k 5n , 3l 2l , 3n and on the other hand, from " A k + " Z k = k , 1 and the claim follows easily from these facts.
We close this section with a further monotonicity lemma. We show that M l;n is increasing in n for every xed l:
Lemma 7. If n 0 n then M l;n 0 M l;n .
Proof
We m a y assume that n = n 0 + 1 . Let s = sl;n and s 0 =sl;n 0 denote the 0-1 sequences as constructed in Lemma 5 with the pairs l;nand l;n 0 respectively. From the construction it follows that t 0 = 1 s 0 2 S l+1;n dominates t = 0 s 2 S l+1;n in the sense that where we used the notation of Lemma 6. From the last line and 11 we nally conclude jCj njCj log 2 3 + min C and the theorem is proved.
2
Theorem 3 tells in particular, that Eliahou's estimates on the length of cycles e.g. the one above in Section 4.3 are true with the weaker assumption that the Collatz conjecture only needs to be checked up to some value which i s 10 smaller than the originally demanded value.
4.4. Optimal criterion. The following criterion which is according to Lemma 5 optimal, since for every given cycle length there exists a cycle, namely the cycle generated bỹ s in Lemma 5, with equality in 12 below has the disadvantage that it is relatively costly to check it. However we will include an example below which shows how to handle this problem. Notice that we w ould have used the value m = 2 :9 1 0 14 in order to prove the same result by Eliahou's criterion.
Final remarks
All estimates on the length of Collatz cycles given so far are valid for rational Collatz cycles although they have been stated originally for integer Collatz cycles. But since we h a ve seen that the minimum of rational cycles grows at least linearly in terms of their length compare Remark 1, such an approach cannot be successful to prove A. The only chance to achieve further progress in that question would hence involve n umber theoretical arguments, e.g. of the following kind:
If l denotes the right-shift permutation acting on S l , i.e. then we obtain from 4 the following formulas which describe the e ect of l on ':
' l s0 = '0s = 2 's0 ' l s1 = '1s = 1 3 2's1 + 3 ns1 , 2 ls1
13 Then we h a ve the following lemma. Proof Let x = ' s1, l = ls, n = ns. Then we h a ve from 13 ' l s1 = 1
